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Least-Squares Refinem'gnt of Molecular Structures
from Gaseous Electron-Diffraction Sector Microphotometer Data.
II1. Refinement of Cyclopropane.*

By O. BastianseN,f F. N. FrirscH aND KENNETH HEDBERG

Department of Chemistry, Oregon State University, Corvallis, Oregon, U.S. A.
(Recetved 1 May 1963)

The method of least squares presented in the preceding two articles was applied to the eyclopropane
structure, using data from the Norwegian diffraction apparatus (Skancke, 1960). The general
refinement (including H - - - H interactions) led to the following results for the six distances (r and d)
and root-mean-square amplitudes of vibration (I), all in A, and the two interesting angles:

re(c) =1-510 £0-002, ) =1:089 +£0-003, 7o(1)H(2) =2:234 £0-006, dgm()m;)=1-838 +0-008,

dH(l)H(z) =2-521 +£0-017, dH(l)H(z') =3-120 +0-010, lC(l)C(z) =0-048; +£0-001,, lC(l)H(l) =0-0844 + 0'0041,
lo(HE() =0-114, +0-0065, Iy )E) =0-051, £0-023,, Ilm()H() =0-2143 £0-107,, Ilm(y)E(x") =0-087, +
0-043,, ~ H(1)C(1)H(1')=115-1+1-0° and « C(2)C(1)H(1)=117-7+0-4°. The distance values
correspond to 75, which differs slightly from r.; the mean amplitudes differ correspondingly from 7.
The standard errors include estimates of all known systematic effects deriving from the experiments
and method of data reduction, and estimates of correlation among the intensity data. However,

‘tests of various refinement conditions have revealed certain systematic changes in the values of

the mean amplitudes of unknown cause, which suggest caution. No such effects on the distances

were observed, and we feel they may be accepted with confidence.

Introduction

It has seemed worthwhile to illustrate the working of
the least-squares refinement method presented in the
preceding two articles (Hedberg & Iwasaki, 1964,
and Iwasaki, Fritsch & Hedberg, 1964 ; hereafter called
H & I and IF & H). Cyclopropane, besides being of
considerable structural interest, is excellent for this
purpose because it permits demonstration of the major
features of the method in an especially simple way.
Further attractions were the existence of excellent
data and a structural analysis giving a very good trial
structure (Skancke, 1960). We are grateful to siv. ing.
Skancke for use of his intensity data (on which our
refinement is based) and for use of his structural
results before publication.

The following section summarizes Skancke’s results.
This is followed by a description of the general refine-
ment (all distances and mean amplitudes included),
and then of some other refinements reflecting the
effect of starting model, weight matrix, data interval
(4s), omission of H - -+ H interactions, and others.
The symbols used are defined in IF & H and explained
there and in H & I. A brief discussion of the cyclo-
propane structure will be published in Acta Chemica
Scandinavica.

* This work was supported by the Directorate of Chemical
Sciences, Air Force Office of Scientific Research, under
contract AF 49 (638)-783.

T On leave from the University of Oslo, Norway.

1 Alfred P. Sloan Foundation Fellow.

Preliminary analysis

The diffraction data were obtained in the Norwegian
apparatus and after reduction yielded the experi-
mental intensity data given in Table 1; the corre-
sponding curve is shown in Fig. 2. The data may be
regarded as described by equation (14), H & I, with
constant coefficients nZ% for C - - - C interactions and
variable coetficients n(Z —f)gZ3(Z—f)c' and

WL —fVoZWZ~f)g2for C---Hand H---H

interactions respectively.
The experimental radial distribution curves (Fig.
3), one calculated with no damping and one with

H(3) H(2)
qus)———-— c@ ¢
cu
H(3) ) M)

H(T)

Fig. 1. Diagram of cyclopropane molecule
showing atom numbering.
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Table 1. Intensity data for cyclopropane
. (Skancke, 1960)

s Lops(s) : 8 Zons(s) 8
0 0 10 — 675 21
819 — 886
1429 11 - 925
1779 — 849
1 1802 - 672 22
1531 — 449
1061 12 — 168
514 123 ;
2 5 379 23
— 386 575 .
— 637 13 697
— 734 784
3 - 727 831 24
— 663 794 '
— 591 14 682
— 541 516
4 — 502 219 25
— 450 — 123
— 370 15 — 423
— 217 — 718
5 0 — 918 26
204 — 999
436 16 — 924
578 — 711
6 633 —~ 374 27
564 - 24
324 17 312
- 15 569
7 — 337 729 28
— 579 767
— 686 18 715
— 642 548
8 — 404 342 29
— 351 55
305 19 — 203
601 — 380
9 765 — 510 30
738 — 560
558 20 — 524
280 — 421
10 - 77 — 230 31
— 400 - 34

damping to reduce series termination errors, show not
only the expected three major peaks corresponding
to C-H, C-C and C - - - H distances, but give clear in-
dication of all H---H distances as well. The first
column of Table 2 lists the distance and mean ampli-
tude values read from the damped curve, those for
C-H, C-C, and C---H by fitting Gaussian curves
to three points of each peak. The parenthesized values
for lc-m, lc-c, and Ic...n result from a least-squares
fit of these parameters only, based on intensity data.

General least-squares refinement

It is obvious from the well-resolved peaks of the radial
distribution curves that the structure found by Skan-
cke is a good one, and that refinement can lead only
to small changes. There remain some structural rea-
sons for application of least squares, namely the im-
portant prospect of refining the H---H mean am-
plitudes: The H - - - H interactions themselves were

539
Iops(s) 8 Tons(s) : 8 Ions(8)
146 31 —~ 65 42 64
321 — 145 86
428 32 — 223 101
488 — 257 108
508 — 252 43 83
469 — 213 57
382 33 — 126 37
189 - 27 14
- 4 78 44 - 5
— 216 152 — 33
— 325 34 205 — 50
— 385 284 — 73
— 413 221 45 — 85
— 362 172 - 90
— 231 35 117 — 53
— 82 53 - 8
90 - 15 46 12
263 — 83 1 26
374 36 — 133 29
413 — 160 43
390 — 163 47 37
319 — 142 34
220 37 — 104 28
102 — 59 : - 9
— 46 - 21 48 — 36
— 181 32 — 46
— 290 38 78 — 40
— 857 107 — 43
— 887 130 49 — 34
— 356 145 — 32
— 276 39 139 - 19
— 157 108 - 13
- 23 66 50 11
103 15 23
219 40 - 14 25
306 — 64 27
358 — 93 51 25
362 - 92 i 23
331 41 - 77 , 19
256 — 40 - 11
151 1 l
38 31

reasonably ignored in Skancke’s radial distribution
analysis (their total contribution to the intensity is
very small as may be seen from Fig. 2), except for a
check at the end which revealed good agreement
between the observed H ---H peak positions and
those calculated from the C(1)C(2), C(1)H(1) and
C(1)H(2) distance values.

The most general refinement of the cyclopropane
structure possible with the existing least-squares
method, assuming Ds, symmetry for the molecule,
includes treatment of three of the six different dis-
tances as geometrical parameters (these are most
conveniently taken as C(1)C(2), C(1)H(1), and
C(1)H(2)) and all six mean amplitudes as vibration
parameters (see H & I).

The trial structure

The interatomic distance and mean amplitude
values for the trial structure are given in Table 2.
They differ from the values in the first column of the
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obtained from theoretical curves.
I;: Theoretical. » and ! values from 3rd cycle of general

refinement.
I,: Theoretical. H--+-H terms only from 3rd cycle of

I,: Experimental. The dotted innermost portion was

Fig. 2. Intensity curves for cyclopropane.

general refinement.
I3: Theoretical. r and ! values from poor trial structure

(z)3ueweurjes sexenbs 9ses] [etousy)

(Table 2).
distances which, of course, are calculated from the

table for no important reason except for the H- -+ H
geometry determined by the distance parameters.

The J matriz

In order to calculate the derivatives with respect to

the distance parameters the J matrix must first be
Appendix of H & I the following matrices may be

structure (Table 3) and proceding as indicated in the
formulated.

calculated. Using the distance values for the trial

{Tc—c, rc-H, tp}
Y= {rC. «« Hy dH(]_) e H(1), dH(l) eoe H(1)y dH(]_) cen H(2')}

3
n

X=

{fc_c, rc—H, "C... H}
{duw... ma, duq)... 5@, daq)... 5e", @}

AdA
Nd.N
(BHMH
@HOH,
(VH(E
(¥%31-0) 311-0 @HM
(6180-0) €20-0 MHM,
(89%0-0) 150-0 ]
or¢ (EMHp
gz  ®EMEp
gg-1  (hEMEp
"$2-2 (AH(Mo,
£60-T (MHM,
S0g-1 @0,
A
(y)s184eUB
Areuraniery

0-9030 0-8031

1-688 1-501
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Fig. 3. Radial distribution curves for cyclopropane. Experimental curves were calculated from
P(r)[r = Z'I(s) exp (— bs?) sin sr,
8§

theoretical curves from

P(r)fr = 3 3 Ay (70ky)—F 0xp [ — (rn —7)2/(4kz)] where k, = 412, +b.

. Experimental, b=0.
. Experimental, b=0-0012.

Ll ]

1-180
1-586
i—0-594 |

0 1681 :
1 0938
0-810 1745

1-992  3-452 :—2-207
—1-677 —1-443 : 2-966
—0-193 0-853

1688 1501 :

The partitioning corresponds to that given in H & I;
thus, the J matrix is the first three rows of Di, the
elements of the first row, for example, being

37’3(1).. . E(1')/37‘c_c, 37'}1(1) . e H(l')/arc—ﬂ B
and
37’H(1) oo H(p)/@?‘c.. .H.

Refinement cycling

The conditions selected for the refinement were
P=E, Snin=175, Smax=51-75, and As=0-25. The
input data included this information, Fops (Table 1),
n=6, =3, j=6, the scale factor, distance parameters,
dependent distances, and mean amplitude parameters
of the trial structure (Table 2), and the third row of

. Theoretical, » and I values from 3rd cycle of general refinement, b=0-0012.
Theoretical, » and ! values from poor trial structure (Table 2), b=0-0012.

D: and the first three rows of D7 shown above. As
may be seen from Table 2, the results of the first
cycle include an impossible value for lma)...ma.
The large change responsible for this, although un-
reasonable, is not altogether surprising in view of the
small weight of the H - - - H terms. Accordingly, the
second cycle was carried out using values for the
Im...w’s which included only small fractions of the
changes derived from the first, that is, reduced shifts.
The values used are those parenthesized. The results
of the second refinement justified this procedure,
which was repeated for the last cycle. Only very small
changes in the distance parameters were obtained,
and therefore the same J matrix was used for all
cycles. Convergence of the process is evident from the
distance and amplitude values in Table 2, and from
the values of V'PV, which steadily approach the values
of N'PN in the preceding column on which the cycle
is based.

The error matrix M and final results

The error matrix, diagonal elements of which are
squares of the standard errors and off-diagonal ele-
ments the average products of the standard errors of
the corresponding two parameters (H & I(20)), is
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Table 3. Error matrix M (X 108) from

To include an estimated effect of correlation among the intensity data the value of each

542
k TC(1)C(2) 7C(1)H(2) TC(1)H(2)
0-48 x 108 0-900 —0-862 —0-467
0-258 —0-0116 0-0367
3-56 0-903
11-8

given in Table 3. It must be emphasized that these
values are derived solely from the data of Table 1
assuming no correlation, and therefore they are cer-
tainly too small. It must be further emphasized that
in order to arrive at realistic estimates of the standard
errors the values obtained from the diagonal elements
of M into which the effect of correlation has been
introduced must be increased by amounts reflecting
the effect of sources of systematic error.

These considerations may be applied to the cyclo-
propane results as follows. We assume arbitrarily that
only about one-half of the original data are inde-
pendent and thereby double the magnitude of each
element of M. No strong argument in support of this
arbitrary factor can be advanced, but it is not con-
tradicted by the results of test refinements made
with data at different intervals As which could be
expected to reveal evidence of correlation. The effect
of sources of systematic error may then be estimated
by considering separately those which affect prima-
rily the mean amplitude parameters (photographic
blackness correction, scattering factors, and sector
calibration) and those which affect the scale of the
molecule (electron wave length and camera distances).
The first of these may be taken as about 0-02 Iy, a
quantity which was obtained by careful study in an-
other investigation (Hedberg & Iwasaki, 1962) and if
anything should be generous in the case of cyclo-
propane. The second may be fairly estimated as about
0:0005r, from records of calibrations made about the
time of the cyclopropane experiment. The final results
derived from these considerations are presented in
Table 4. The error matrix itself would seem to be largely
unaffected by uncertainty in the wave length and
camera distances and, except possibly for the H---H
mean amplitude parameters, little affected by the un-
certainty in the scattering factors and in the black-
ness and sector corrections. Except for these H - -+ H
mean amplitudes then, the error matrix, doubled to
take account of correlation in the original data, is
felt to present a fair estimate of the error correlation
and we offer it together with Table 4 as the fullest
statement of our results.

dEMHQ) dH(1)H(2) dumae) £ H1)C(1)H(1)
0-0721 1-26 1.07 147-0
0-333 0-0614 0-246 165
636 —9-08 — 360 —62:0
—101 321 195 —2,490-0
255 58-6 28-2 2,600-0
125-0 69-4 —17,170-0
39-5 —4,260-0
0-511 x 108

Table 4. Final results for cyclopropane

Values are those obtained directly from treatment described
in text and are not better than three places of decimals for
distances and amplitudes and one place of decimals in degrees

Distance* Mean amplitude*

rCO)C(2) 1-509,+0-001; A 0-048;,+0-001, A
rC(1)HEQ) 1-088;+ 0-003, 0-084, + 0-004,
7C(1)H(2) 2-234,+0-005¢ 0-114, +0-0064
du)yH0’) 1-8373 +0-008, 0-051, + 0-023,
dEmEE) 2:521,+ 0-017, 0-2144 +0-107
dH(l)H('.!’) 3'1200i0'0104 0‘0871i0'0431

£ H(1)C(1)H(1) 115-1,+ 1-0,°

£ C(2)C(1)yH(1) 117-65+0-4,

* The distance results are 7, values (derived from intensity
curve refinement). Both they and the mean amplitude values
will differ slightly from 7, and .

Other refinements

A number of refinements were carried out in addition
to that described above in order to gain some experi-
ence with the working of the method. Of considerable
interest is the speed of refinement and quality of
result from a poor trial structure. To test this a start-
ing model with values of the major parameters quite
different from the best values and excluding the
H ---H interactions was refined. Other conditions
were as in the general refinement. The starting values
and results of the third cycle are shown in Table 2;
intensity and radial distribution curves for the trial
structure are shown in Figs. 2 and 3. The agreement
of these results with those from the general refinement
is excellent and provides demonstration of the ease
with which simple structures may be refined. Indeed,
after only one cycle all distance and mean amplitude
values were within 0-01 A of the best values from the
general refinement.

The effect of weighting of the observations was
tested by refinements omitting H - - - H interactions
in which the weight matrix was calculated from
P=A s exp(—bs?) instead of being taken as unity.
Other conditions were as before. In general, it was
found that a choice of & which emphasized the outer
data at the expense of the inner led to an increase
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th cycle of general refinement
»uent should be doubled. r, d, and ! values in A, angles in degrees, k& dimensionless
£ C(2)C(1)H(1) leqcq) leymn) lea() e, lagae) lamae)
—60-5 24-7 41-0 584 —135 139-0 47-0
—6-81 —0-00117 0-0115 0-0145 —0-0200 0-321 0-0115
256 -—0:00503 —0-189 —0-00794 0-0118 7-06 —0-315
1,030-0 —0-00352 —0-0438 2-16 2-68 117-0 —5-82
-1,070-0 —0-0160 —0-325 —2-34 —2-92 —112-0 5-69
2,960-0 0-0274 0-490 6-43 7-90 322-0 —16-2
1,760-0 0-0127 0-205 3-81 4-67 195-00 —9-73
- 3,810-0 —~1-05 3-64 —460-0 —573-0 —24,600-0 1,230-0
0-0871 x 108 0-433 —1-42 190-0 236-0 10,200-0 ~—508-0
0-303 0-208 0-300 —0-0873 0-687 —0-243
3-:00 0-501 —~0-126 0-964 0-408
10-2 —3-86 117-0 —4-12
260-0 —254 0-838
5,340-0 217-0
855-0

in the values of the mean amplitudes and the CH
distances while leaving the C(1)C(2) distance practic-
ally unchanged. With larger values of b, emphasizing
intermediate and inner data (but not innermost), the
value of the C(1)C(2) mean amplitude was markedly
reduced (e.g., b=0-004 gave lc(1)ce)=0-0429 +0-0027)
while affecting other amplitudes and distances only
slightly. An example in which the outer data have
been emphasized is shown in Table 2.

The effect of taking data at larger intervals 4s is of
interest. Refinements again omitting H - - - H inter-
actions, but otherwise with conditions as before, were
attempted with A4s=0-5, 1-0, 2-0, and 40, but the
last of these could not be made to converge for any
of the parameters except, apparently, rcajce and
lcayce). This result is not surprising since the C(1)H(1)
and C(1)H(2) terms are damped to 109 of their
initial values at s values of about 25 and 18 respec-
tively, by which time they are represented in only
five or six data. The parameter values from the refine-
ments with As=0-5 and 1-0 are essentially the same
as is obtained with As=0-25, while that with 4s=2-0
gives slightly larger values, but except for rca)me@)
with associated standard errors overlapping those ob-
tained with As=0-25. The standard errors themselves,
of course, are larger. The results for the refinement
with 4s=2-0 are given in Table 2.

Discussion

The dependence of the refinement results for cyclo-
propane on the different conditions of refinement
described above are typical of what we have observed
in other, quite different, cases. Our experience can be
summarized in respect to its bearing on the values of
parameters determined by this method in general;
the remarks apply as well to the cyclopropane results.

The distance parameter values and errors may be
accepted with confidence, we feel, keeping in mind
that the quantities measured (r,) actually differ from
those with which they tend to be compared, e.g., 7.
values from spectroscopic investigations and 7, (cen-
ter of gravity) values from electron-diffraction radial-
distribution curve analyses. This feeling derives from

the lack of any trend in the distance values with sys-
tematic changes in the refinement conditions. The
mean amplitude parameters on the other hand, which
also differ from [, values, together with their associated
errors do not merit the same confidence. The decreas-
ing trend in these values, as data at small scattering
angles are increasingly emphasized, invites caution.
For, despite appropriate allowance for the factors
known to affect these parameters particularly, it must
be admitted that the cause of the trend is unknown
and the error allowance may be insufficient. This ef-
fect was first noted in an investigation of phosphorus
trichloride (Hedberg & Iwasaki, 1962); if it proves to
be common to experiments in other laboratories as
well, the mean amplitude determination by electron
diffraction will need careful investigation.

Each cycle of the general refinement of cyclopro-
pane required about an hour on ALWAC III-E, or
about three hours in all. The speed advantage of the
method over conventional methods is obvious, even
with a slow computer. Moreover, for simple structures
like cyclopropane the method is exceptionally easy to
apply. Thus, the results of the general refinement
could surely have been obtained without use of the
radial distribution curve by making rough but reason-
able guesses for the values of the C(1)C(2), C(1)C(1)
and C(1)H(2) distances and their associated mean
amplitudes, and refining the resulting poor trial struc-
ture; using these values the general refinement could
then be carried out introducing rough trial values for
the H - - - H mean amplitudes.

K. H. wishes to thank the Royal Norwegian Council
for Scientific and Industrial Research for a fellowship
during which this series of articles was prepared.
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